We investigate chiral symmetry restoration in finite spatial volume and at finite temperature by calculating the dependence of the chiral phase transition temperature T c on the size of the spatial volume and the current-quark mass for the quark-meson model, using the proper-time Renormalization Group approach. We find that the critical temperature is weakly dependent on the size of the spatial volume for large current-quark masses, but depends strongly on it for small current-quark masses. In addition, for small volumes we observe a dependence on the choice of quark boundary conditions.
it has been applied to determine critical exponents, for example for the quark-meson model [39, 45] .
In this paper, we consider the chiral phase transition in the framework of the quarkmeson model. We will apply Renormalization Group methods to calculate the transition temperature, its dependence on the quark mass, and its dependence on the size of a finite volume. In addition, we investigate the effects of different boundary conditions for the quark fields. In calculations based on an effective field theory like chiral perturbation theory, chiral symmetry breaking is assumed from the beginning and the values of the effective low-energy constants are fixed. In contrast, in our model chiral symmetry is broken dynamically and effects of the finite volume on quark condensation are taken into account. We believe that such effects could still be important in simulations at the current lattice sizes of order L ≃ 2 fm, in particular for realistic quark masses.
In finite volume, strictly speaking no phase transition is possible, since non-analyticities cannot appear in the thermodynamic potential (see e.g. [46] ). In general, the investigation of phase transitions and critical behavior from results obtained in a finite volume is difficult and requires an extrapolation to the large-volume limit. In addition, if a symmetry is restored across the transition, this usually requires the introduction of an external field which explicitly breaks the symmetry. Even if there is no true order parameter that vanishes strictly in one of the phases, rapid changes over a small temperature range are an indication of a (crossover) transition. Often, peaks in susceptibilities or other higher-order derivatives of the thermodynamic potential are used as criterion to define a pseudo-transition. Here we propose to use the mass of the scalar mode, which corresponds to the inverse correlation length for fluctuations in the quark condensate, to identify the transition point: A distinct minimum of the mass appears at almost the same temperature at which the chiral quark condensate drops rapidly. We stress that the implementation of an explicitly chiral-symmetry-breaking term is essential, since the finite-volume system will otherwise always be in a regime with restored chiral symmetry, once all quantum fluctuations are taken into account.
Lattice simulations are affected by similar problems. Thus, finite volume effects are actually of profound importance in lattice determinations of the order of the phase transition.
For the determination of the universality class and the critical exponents of the transition, a scaling analysis of thermodynamic observables is necessary [5, 12, 47, 48, 49] . It remains difficult to assess whether current lattice sizes are sufficiently large to observe the expected scaling [5, 12, 48] . On the other hand, the volume dependence of the (pseudo-) critical behavior can be turned into a tool for the analysis: Finite-size scaling of the results has been used to test the compatibility of critical exponents with lattice data [12, 48] . We expect that future progress in RG analysis will provide much useful insight into these questions.
The paper is divided into five sections. In the next section, we will give a short review of the quark-meson model and the derivation of RG flow equations in the proper-time formulation of the RG. In section III, we will concentrate on the chiral phase transition in infinite volume, and its dependence on the parameter of explicit chiral symmetry breaking. In section IV, we will then look at the finite volume effects and the influence of the additional momentum scale introduced by the finite volume. We close with a summary and conclusions in section V.
II. RG-FLOW EQUATIONS FOR THE QUARK-MESON MODEL
To determine the chiral phase transition temperature for finite volumes and finite current quark masses, we use the chiral quark-meson model 
with a current quark mass term gm c which explicitly breaks the chiral symmetry, and with
The mesonic potential is characterized by two couplings:
In a Gaussian approximation, we can perform the functional integration of the bosonic and fermionic fields and obtain the one-loop effective action for the scalar fields φ,
where Γ 
The inverse two-point functions in Eq. (3) depend on the second derivatives of the effective potential U. By replacing the bare masses and couplings in the inverse two-point functions with the scale-dependent quantities, we obtain the so-called renormalization group improved flow equation for the effective potential U k , in infinite volume for zero temperature and finite current quark mass [25] :
Integrating the flow equation from the UV scale to k → 0, we obtain an effective potential in which quantum corrections from all scales have been systematically included.
Since we allow for explicit symmetry breaking, the O(4)-symmetry of the effective potential is lost. However, it remains O(3)-symmetric in the pion-subspace, so that the pion-fields can only appear in the combination π 2 on the right-hand side. In order to be able to perform the Schwinger proper-time integration in infinite volume, we have to choose a ≥ 2 [45] .
The meson masses M σ and M π in Eq. (5) are the eigenvalues of the second-derivative matrix of the mesonic potential, cf. [25] for an explicit representation, and the constituent quark mass M q is given by
We generalize the renormalization group flow equations to a finite four-dimensional Euclidean volume L 3 × T by replacing the integrals over the momenta in the evaluation of the trace in Eq. (3) by a sum
The boundary conditions in the Euclidean time direction are fixed by the statistics of the fields. The thermal Matsubara frequencies take the values
for bosons and for fermions, respectively, where the temperature is denoted by T . However, we are free in the choice of boundary conditions for the bosons and fermions in the space directions. In the following we use the short-hand notation
for the three-momenta in the case of periodic (p) and anti-periodic (ap) boundary conditions.
We will consider both choices for the quark fields, but employ only periodic boundary conditions for mesonic fields. Then the flow equation for finite temperature and finite volume
The sums in Eq. (10) run from −∞ to +∞, where the vector n denotes (n 1 , n 2 , n 3 ). Since we have to solve the flow equation numerically, we rewrite it in terms of Jacobi-Elliptic-Theta functions:
We have introduced the auxiliary (dimensionless) functions
where ϑ p and ϑ ap are Jacobi-Elliptic-Theta functions defined as
The representation in terms of these functions accelerates the numerical calculations by a factor of about a hundred, compared to the representation used in Refs. [25, 26] . The first representation in Eq. (15) and (16) is the standard Matsubara summation of the momenta.
The second representation on the right hand side in Eq. (15) and (16) 
Inserting this in Eq. (11), we obtain the flow equation (5) for infinite volume and zero temperature. From now on, we use a = 2 for both the infinite-volume and finite-volume calculations.
The flow equations (5) and (11) are partial differential equations which can be solved by using a projection of these flow equations on the following ansatz for the mesonic potential [25, 26] :
Such a projection results in an infinite set of coupled first-order differential equations for the coefficients a ij (k). In order to solve this set of equations, we limit the sum in Eq. (18) by choosing N σ = 2 [25, 26] . The boundary conditions for the differential equations for the coefficients a ij (k) are determined at the ultraviolet scale k = Λ U V . For a given current quark mass gm c , we determine the initial conditions a ij (Λ U V ) for infinite four-dimensional
Euclidean volume in such a way that we obtain values of m π and f π = σ 0 which are consistent with chiral perturbation theory [23] . Consequently, our calculation cannot predict the values of m π and f π = σ 0 in infinite volume, but allows to study the behavior of the masses and the pion decay constant in a finite four-dimensional Euclidean volume. The parameter sets which we have used for the calculations in Sec. III and IV are listed in Appendix A, where the relations between the meson masses and the coefficients a ij are summarized as well.
III. CHIRAL PHASE TRANSITION TEMPERATURE IN INFINITE VOLUME
In this section, we discuss the dependence of the chiral phase transition temperature in infinite volume on the zero-temperature pion mass m
. In order to define a chiral phase transition temperature in the presence of explicit symmetry breaking, we use the dependence of the σ-mass on the temperature. We define the phase transition temperature T c through the minimum of the σ-mass,
Alternatively , π . 4 We find that the transition temperature T c depends on the pion mass in the following way,
3 There is no unique definition for the crossover or the pseudo-critical temperature. For example, the critical temperature T c can also be defined as the temperature at which f π reaches half its zero-temperature value [55] . The results for T c obtained with such a definition will in essence agree with our results, as suggested by Fig. 1 . 4 We do not show lattice results for comparison in this figure since there is no data available for m (0) π ≤ 300 MeV in Ref. [13] . where the parameters can be determined from a fit to our numerical results as
a 0 is then the value for the chiral phase transition temperature in the chiral limit as obtained from the fit. A similar relation was also found in lattice simulations [13, 56] with two or three quark flavors. The corresponding relation is
where m P S denotes the mass of the pseudoscalar meson, and the string tensionσ is used to set the scale in the lattice calculation. β and δ are the critical exponents of the O(4)-model in three dimensions. The coefficient l 1 (N f ) depends slightly on the number of quark flavors [13] .
The analysis in Eq. (22) 
While the exact value for l 1 (N f = 2) is not given in [13] , the authors point out that it is of the same order of magnitude as the value for N f = 3.
As we will see in the next section, it is not possible to explain the smaller value of the (approximately) linear term found on the lattice as a finite volume effect: Since a finite volume effect is more severe for smaller pion masses and since it leads to a significantly reduced transition temperature in our model, we expect that the slope of T c (m
π ) should actually increase in a finite volume, compared to the infinite-volume result. We think that the discrepancy may be a consequence of neglecting the gauge sector in the quark-meson model. In the chiral limit, the chiral phase transition temperature on the lattice is about 30 MeV larger [13] than the value obtained in the quark-meson model.
Work on the quark-meson model within the Functional RG suggests that the transition temperature becomes even smaller if one includes wave function renormalizations [39] . In spite of this, the slope of the function T c (m (0) π ) is roughly the same as in our study. This is an additional hint that neglecting the gauge degrees of freedom could indeed be responsible for the difference in the results from the quark-meson model compared to lattice calculations.
A recent study in terms of the Functional RG (FRG), which incorporates gluonic degrees of freedom and four-fermion interactions, shows reasonable agreement with results from lattice studies of the chiral phase transition temperature for two and three massless quarkflavors [36] .
Results for T c in the chiral limit from various lattice and RG approaches are summarized in Tab. II. As can be seen from the table, there is some uncertainty in the value of the chiral phase transition temperature in lattice calculations, which is mainly due to different implementations of the fermions. 
IV. CHIRAL PHASE TRANSITION TEMPERATURE IN FINITE SPATIAL

VOLUMES
We now turn to the investigation of the chiral phase transition temperature in finite spatial volumes. As in section III, we define the phase transition temperature T c via the minimum of the σ-mass. Putting the system in a finite volume introduces an additional scale. Let us first discuss the influence of this additional length scale L on the σ-mass and π-mass. In Fig. 3 , we show the σ-mass and π-mass for m to an unphysical complex temperature [61] . Here, higher-loop terms contribute significantly, as pointed out by earlier RG flow studies, eg. Ref. [39, 45, 57] , and a study in terms of many-body resummation techniques [62] . Moreover, we neglect the quark contributions in this calculation, since they are suppressed by the appearance of a thermal Matsubara mass. In contrast, the bosonic fields have vanishing Matsubara mass and therefore their contributions dominate at high temperature. Thus our starting point for the calculation of the mass correction is the scalar O(N = N 2 f )-model with the Lagrangian 
In this case, the meson masses depend linearly on the temperature, in agreement with the result from Ref. [61] .
Second, if T and L are of the same order of magnitude, the mass correction is in essence given by
where K n denotes the modified Bessel-functions with index n = ≪ L, which can be seen in Fig. 3 .
In contrast, in the limit T L ≫ 1 one obtains
The contributions from the non-vanishing thermal Matsubara-modes to δm infrared momentum
which is illustrated in Fig. 4 . In the quark-propagator, the minimal value p 
If p box size. The deviation from its infinite volume value is less than 1% already for L ≈ 2.5 fm.
We observe only a weak dependence on the choice of the fermionic boundary conditions, as well. The reason is that the length scale set by the pion mass, L π ∼ the quark-meson model and uses Renormalization Group methods. In this way, we obtain non-perturbative results for the transition temperature for various values of the pion mass.
In general, no phase transition can occur in a system of finite volume. The evaluation of lattice results therefore uses a scaling analysis in quark mass and temperature [12, 47, 48, 63] , and recently finite-size scaling [12] as an analytical tool. We expect that a Renormalization
Group analysis of the critical behavior can complement these approaches.
In the present paper, we have focused on the chiral phase transition temperature, which is not universal and also model-dependent. However, the relative shift of the temperature from infinite to finite volume should depend mainly on the pion mass and the pion decay constant, which are independent of the model and represent an external input to our calculations.
We find that finite volume effects for the transition temperature remain small for large pion masses m π 300 MeV, as long as the volume is of the order L ≥ 2 fm in the spatial directions. The scale for the appearance of sizable finite-volume effects is given by the pion mass m π , and the effects remains small as long as L ≫ 1 mπ .
On the other hand, finite size effects are sizable already at a lattice extent of L ≃ 2 fm for realistic pion masses of the order of 100 MeV. We expect therefore that finite volume effects will become more relevant in future simulations with realistic pion masses. The strategy for lattice calculations should then be to simulate in volumes where the value m π L is large enough to keep the finite volume effects down to an acceptable size, and to extrapolate to smaller pion masses and the chiral limit.
We note that the choice of periodic boundary conditions in spatial directions for the quark fields, which is commonly employed in lattice simulations, leads to a much smaller finite volume effect on the transition temperature. This conclusion agrees with our results for the volume dependence of the pion mass and pion decay constant [26] .
The dependence of the transition temperature on the quark mass in the quark-meson model is much stronger than that observed in lattice simulations. This must remain a puzzle in the present approach and calls for a more extensive consideration of the gluon dynamics. Work in this direction has already been started [36] . In concert with other nonperturbative methods, the Renormalization Group approach should prove to be valuable as a complement to QCD lattice calculations. that the values of m π and f π given by chiral perturbation [23] are reproduced. However, some freedom remains in the choice of the starting values for the coefficients. But as discussed in [26] , different sets of parameters give the same dependence on the size of the four dimensional volume, provided that they lead to the same values of the pion decay constant and pion mass in infinite volume. The values which we have used for our calculation can be determined from Tab. IV. In this table, we give the value for the parameter m U V . Together with the parameter λ U V = λ(Λ U V ) and the evolving minimum of the potential σ 0 (k), the two coefficients that are initially non-zero can be expressed as The corresponding values for m π and f π which result from the RG flow at zero temperature and in infinite volume are shown in the last two columns. The coefficients a 01 and a 02 , which are initially non-zero, can be expressed in terms of the two parameters m U V and λ U V , for the relation see text.
As an initial condition for the flow equation for λ(k), we have chosen λ(Λ U V ) = λ U V = 60 for all parameter sets. The initial conditions for the differential equations for the remaining coefficients a ij (k) of the potential Eq. (18) are a ij (Λ U V ) = 0. In addition, we use g = 3.258 for the Yukawacoupling. In our notation, gm c is the current quark mass.
All other coefficients are initially set to zero. In principle, one should choose σ 0 (Λ U V ) = 0 as initial condition, but in order to avoid numerical problems at the UV-scale, we choose a small but finite value for σ 0 at the UV-scale, e.g. 
where we have used Schwinger's proper time representation of the logarithm, supplemented by a UV-cutoff Λ. In addition, we have introduced the abbreviations M With the second representation of the Jacobi-Elliptic-Theta function from Eq. (16), we can divide the one-loop effective potential in three contributions,
We do not consider the contribution U 
We stress that the regulator Λ of the Schwinger proper-time integral can be removed here, Λ → ∞. In order to calculate the mass correction in the symmetric phase, we have to take the second derivative of U 
For T → ∞ and d = 4, we use
and obtain the simple expression 
for the correction δm 2 1 (T ), which agrees with the result found in [61] . Now we turn to the calculation of the mass correction due to the contribution U 
The vector l is defined as l = {l 1 , l 2 , l 3 }, and the prime indicates that the term with l = 0 is excluded from the summation. The regulator Λ can also be removed here. Taking the second derivative with respect to the fields φ and evaluating at φ = 0, we obtain the corresponding mass correction given by
Using Eq. (B10), the mass correction δm 
